Quiz 3
Name Major Student ID
1. We try to maximize f(x,y,z) = 2% + 22 — 22y under constraints 22 + 4y* + 922 <6, 2 >0, y >0, and z > 0.
(a) (1 pt) Write down the Kuhn-Tucker Lagrangian function L(z,y, 2, \).

(b) (4 pts) Suppose that the NDCQ is satisfied at the maximizer (z*,y*,2*). Write down the first order conditions
in the Kuhn-Tucker formulation. (You don’t need to solve these equations.)

Solution:
(a) L(z,y,z,A) =22+ 2% = 2zy — Mx? + 4y% + 922 - 6). (1 pt).

(b) There is a nonnegative A* such that
gi(x*’y*’z*’)\*) =22 — 2" — 22" <0
gzl;’(x*,y*,z*,)\*) =-22" -8\*y* <0
gf(x*,y*, 25 A) =227 18\ 2 <0
w2l ) a2 <2 - ax) =0
L) =i =0
oL

(2%, 5", 2%, N) = 2" (22" - 18X\*2%) = 0
0z

*
z

L
%(w*,y*,zﬂ)ﬁ) =—(2"+4y"+92"-6) >0

oL

A* N (x*,y", 25 A ) == A" (2" +4y* + 92" -6) =0

(% pt for each equation.)

2. Consider f(z,y,2) = 22 + 2% — 2zy — 4xz — 2yz under constraints 2% + y> + 22 = 1 and x +y + 2 = 0. We find that
L0, =L) together with some p}, p3 is a critical point of the Lagrangian function
V2 V2 K1y Mo
L(m,y,z,,ul,ug) = f(xayvz) - Ml(l'2 + y2 + ’22 - 1) - [1,2(1' ty+ Z)
(a) (3 pts) Find p] and p3.
(b) (4 pts) Write down the Hessian matrix of the Lagrangian function, D?ﬁ@,)L, at (z,y, 2, 11, o) = (%, 0, \_/—15, Wi, us)

(¢) (3 pts) Check the second order condition and show that JC(%,O7 \_/—15) is a local maximum of f under the
constraints.

d) (5 pts) Given that f(-,0, =£) is the absolute maximum, estimate the maximum value of z?+2%-2xy-3.922-2yz
V2 V2
under constraints z2 +y? +22=0.98 and x + 1.1y + 2 =0

Solution:

(a) At (%703 \_/715)7

oL 6
— =2r-2y-4dz-2uix - ps = —- 1-u5=0
o Y H Ha /2 \/§M1 Ho
oL .
p) =20 -22-2p1y — pig = gy =0
L -
8—:22—4x—2y 2uiz—py = 0 1 -
0z
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(2 pts for listing correct equations 2 —m =0, gg 0, gg 0. 1 pt for solving uj and p3.)
0 0 -2z -2y -2z
0 0 -1 -1 -1
The Hessian matrix of the Lagrangian is D(m . 7y7Z)L =|-2z -1 2-2u1 -2 -4
-2y -1 -2 -2 -2
-2z -1 -4 -2 2-2u

(2 pts for the right-lower 3 x 3 sub matrix, D%L. 1 pt for the first and second rows and columns. The answer
with first and second rows and columns multiplied by —1 (the bordered Hessian matrix) is also correct.)
0 0 -v2 0 V2
0 o -1 -1 -1
When (z,y, 2, 1, p2) = (%, \_/3,3 0), D’L=|-vV2 -1 -4 -2 -4/ (1pt)
o -1 -2 -6 -2
V2 -1 -4 -2 4

To determine whether f (%, 0, \_/—15) is a local maxi or local min, we need to compute the last (3 -2) leading
principle minors of D?L, which is det D?L. (1 pt)
Multiply the third row with (-1) and add it to the fifth row. We obtain:
0 0 —vV2 0 V2
0 0 -1 -1 -1
det D’°L=|-v/2 -1 -4 -2 -4 |=-48 which has the same sign as (-1). (2 pts for computing the
0 -1 -2 -6 -2
22 0 0 0 0
determinant. )
Hence f(%7 0, \’/—15) is a local maximum.
(At (%,0,%), the gradient vectors of constraint functions are (1/2,0,-v/2) and (1,1,1). The vectors
orthogonal to these gradient vectors are parallel to (1,-2,1). And we have

a -4 -2 —4\( a
(¢ -2a a)DiL[-2a|=(a -2a a)|-2 -6 -2||-2a| = -24a"<0, for all a #0,
a -4 -2 -4 a

which also shows that f (%,O, \_/—15) is a local maximum.)

Maximize f(z,y,z;a1) = 2% + 2% - 20y — a1 vz — 2yz under constraints: hy(x,y, z;a2) = 22 +y> + 2% —as = 0,
ho(x,y,z;a3) =x +asy +z = 0.

Suppose that the maximizer (z*(a1,a2,a3),y*(a1,a2,a3),z*(a1,a2,as)) depends smoothly on parameters
ai,as,as. Then the envelope theorem says that

“(d),y"(a), 2" (a); a1) = “(a),y" (@), 27 (a), p1 (@), pa (@); a1, a2, a3) for i = 1,2,3,

where L(,y, 2, p1, pi2; a1, a2, a3) = f(2,y, z5a1) = p1(ha (2,9, 25a2)) = pa(ha(z,y, 25.a3)).
(1 pts for correctly stating the envelope theorem.)

o) 9 oL ko k ok ok o
Since aL :_$Z737aL2_/1’1> das —,U23J7 at (3j Y,z 7/11’/‘2):(%7 30)7 dar _% 87L_37 aaL3 =0.
(3 pts for correct partial derivatives 2 8— i=1,2,3.)
We know that when a; =4,as = 1,a3 = 1, the maximum value is f(%,(), \_/—15) =3.

Hence when a; = 3.9,a2 =0.98, a3 = 1.1, the maximum value is approximated by

L oLy, 0L
VRV

(1 pt for the linear approximation and the final answer.)

F < (3.9- 4)+i < (0.98- 1)+8ix(11 1) - 3+( )3 (=0.1)+3% (=0.02) +0x (0.1) = 2.89.
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